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Abstract 

We construct the totally antisymmetric structure constants f ABCD of a 3- 
algebra with a Lorentzian bi-invariant metric starting from an arbitrary semi- 
simple Lie algebra. The structure constants f ABCD can be used to write down a 
maximally superconformal 3d theory that incorporates the expected degrees of 
freedom of multiple M2 branes, including the "center-of-mass" mode described 
by free scalar and fermion fields. The gauge field sector reduces to a three 
dimensional BF term, which underlies the gauge symmetry of the theory. We 
comment on the issue of unitarity of the quantum theory, which is problematic, 
despite the fact that the specific form of the interactions prevent the ghost 
fields from running in the internal lines of any Feynman diagram. Giving an 
expectation value to one of the scalar fields leads to the maximally supersym- 
metric 3d Yang-Mills Lagrangian with the addition of two U(l) multiplets, one 
of them ghost-like, which is decoupled at large #ym- 



1 Introduction 



Finding the three-dimensional superconformal field theory that describes the low energy 
dynamics of multiple coincident M2 branes may lead to profound new insights in our un- 
derstanding of M-theory. In [1] a maximally supersymmetric three dimensional conformal 
field theory (henceforth called the BL theory) was proposed as a candidate description of 
the low energy world volume theory of multiple coincident M2-branes, incorporating some 
insights from earlier works [21 El H]. Some elements of the theory were already present in 
the important work of Gustavsson [5] . 

The BL theory is based on a generalization of Lie algebras dubbed 3-algebrag[j](studied 
independently by Gustavsson in [3]). A 3-algebra A is an N dimensional vector space 
endowed with a trilinear skew-symmetric product 

[a, b,c\ (i) 

which satisfies the so called fundamental identity 

[A, B, [C, D, E}) = [[A, B, C],D, E] + [C, [A, B, D],E}+ [C, D, [A, B, E)) , (2) 

which extends the familiar Jacobi identity of Lie algebras to 3-algebras. If we let {T a }i<a<n 
be a basis of A, the 3-algebra is specified by the structure constants / D of A: 

[T A ,T B ,T C } = f ABC D T D . (3) 

The fundamental identity (j2J) is expressed as: 

j ABG f CDE = f ABC f GDE + f ABD f CGE + f ABE f CDG (4) 

Classifying 3-algebras A requires classifying the solutions to the fundamental identity 
for the structure constants f AB °D- 

In order to derive from a Lagrangian description the equations of motion of the BL 
theory - which were obtained by demanding closure of the supersymmetry algebra - a bi- 
invariant non-degenerate metric h AB on the 3-algebra A is needed. Bi-invariance requires 
the metric to satisfy: 

f ABC E h ED + f BCD E h AE = . (5) 

This implies that the tensor f ABCD = f ABC E h ED is totally antisymmetric. The metric h AB 
arises by postulating a non-degenerate, bilinear scalar product Tr( , ) on the algebra A: 

h AB = Tr (T A ,T B ) . (6) 

The Lagrangian of the BL theory is completely specified once a collection of structure 
constants f ABC £, and a bi-invariant metric h AB solving the constraints (H|), (EJ) is given. The 
BL theory encodes the interactions of a three dimensional M = 8 multiplet, consisting of 



1 Known in the mathematical literature as 3-Lie algebras [B]. 
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eight scalar fields X^ 1 ' and their fermionic superpartners and a non-propagating gauge 



field A A B . Matter fields in this theory take values in A, so that = X ( A I] T A , * = ^ A T A . 



The BL Lagrangian is given by pQ 

C = - l -D,X A ^D»xf + i^D^ A + - A f ABCD ^ B V IJ X c ^X D ^ A 
- Y 2 (f A BC D X A ^X B ^X c ^) (f EFG D X E ^X F ^X G ^) 
+ \ ^ X (fABcnA AB d v A x CD + 2 -f AEF G f BCDG A AB A V CD A X EF ) , (?) 

where: 

= + f A BCD A GD ^ . (8) 

The theory is invariant under the gauge transformations 

6X A & = -f A BCD A BC X D ^ 

S(f A B CD A AB ) = f AB CD D,A AB (9) 
and under the following supersymmetry transformations 
5X A ^ = ilT 1 ^ 

sv A = ^Wr¥e + ^ A BC ^ B(/) ^ (J) ^ (, °r WJf e 

5(f AB CD Af) = if AB CD X A ^eV^ B : (10) 

where \I/ and e are eleven dimensional Majorana spinors satisfying the projection condition 
Toi2e = e and T i 2 ^ A = — respectively. 

The only non-trivial example of a 3-algebra with a positive definite 3-algebra metric 
h AB is the four dimensional algebra A4, defined by structure constants f ABC D = e ABC B , 
where e ABCD is the 4-dimensional Levi Civita symbol. In [7J [8] it has been proven that the 
only 3-algebras with a positive definite 3-algebra metric h AB are A*®. . .© Ab@C\@. . .@Ci, 
where Cj denote central elements in the algebra^. New constructions are possible if one 
does not require the existence of a Lagrangian but only of the equations of motion [T2] . 
which can be written without the need of a metric h AB in the algebra. 

In this paper we find a novel construction of 3-algebras A g based of an arbitrary semi- 
simple Lie algebra jj, giving rise to an infinite class of novel realizations of the BL the- 
ory. These new 3-algebras are found by relaxing the condition that the 3-algebra met- 
ric h AB is positive definite^). In our construction the 3-algebra metric is taken to be 
h AB = diag(— 1, 1, 1), and it has a single timelike direction. 



2 As previously conjectured in e.g. [9l [TO]. 

3 Earlier studies of 3-algebras for Lorentzian metrics can be found in [IT] . 
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In most physical theories, a positive-definite metric is required in order to ensure that 
the theory has positive-definite kinetic terms and to prevent violations of unitarity due 
to propagating ghost-like degrees of freedom. Nevertheless, there are examples of theories 
that are unitary despite the presence of ghost fields, like Chern-Simons theory based on 
non-compact Lie algebras [TBI [H] . The peculiar form of the interactions make our model 
resemble, in some aspects, the Nappi-Witten model [TS], describing a WZW model for a 
non semi-simple algebra, and analogous constructions for Chern-Simons and Yang-Mills 
theories in [TU] based on non semi-simple gauge groups. 

The BL theory was considered recently in several papers. Full superconformal invari- 
ance was proven in [TTj . In [18] a specific way to connect the BL theory to the D2-brane 
theory by giving a vacuum expectation value to a scalar field was proposed. Different 
discussions of the vacuum moduli space appeared in [UJJ [201 [2D [22]- The proposal seems 
to be that the BL theory with algebra A± describes two M2-branes propagating in a non 
trivial orbifold of flat space. A maximally supersymmetric deformation of the theory by 
a mass parameter was found in [231 l2lj . In [25] it was shown that the BL theory fits in 
the general construction of maximally supersymmetric gauge theories using the embed- 
ding tensor techniques. Other interesting recent papers on BL theory have appeared in 

[25H23I2E]. 



2 The model 

We take the bi-invariant metric on the 3-algebra A to be 

h AB = r] AB^ A,B = 0, 1, ...,n+ 1, (11) 

where N = n + 2 is the dimension of A and r/ AB = diag(— 1, 1, 1) is the Minkowski 
metric on the 3-algebra A. 

We now split the 3-algebra indices A,B,... into A = (0, a, 0) where a, b = 1, n and 
(j) = n + 1. Then the following set of totally antisymmetric structure constants 

yOabc y</>abc ^jabc j?04>ab jabcd g (12) 

solve the fundamental identity (HI), where C abc are the structure constants of a compact 
semi-simple Lie algebra g of dimension n. The structure constants C abc satisfy the usual 
Jacobi identity. 

Therefore, for any given semi-simple Lie algebra g, one can construct an associated 
3-algebra, which we will denote by A s . This means that we can write down an explicit 
realization of the Bagger-Lambert theory for any semi-simple Lie algebra q. This gives rise 
to a family of maximally supersymmetric Lagrangians in three dimensions. 

It is convenient to introduce "light-cone variables" , that is null generators on the algebra 

Ag '■ 

T ± = ±T° + T . (13) 
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In this basis the metric in A s is given by 

h+- = 2, /i ±± = 0, h ab = 5 a \ h a± = , (14) 
while the structure constants of A s are given by: 

f+abc <r\/~iabc f s~t e—abc / _ r\ /ir\ 

J — , J-abc — ^abc, J — J+abc — U . [LO) 

In order to write the Lagrangian we define X ±(7) = ±X 0(/) +X <w/) and \l> ± = ±\I> + \I>f 
The Lagrangian based on A 8 now reads 

C = -\{d,X + ^ +AB, a X a ^)d»X^) - l -D^X a ^D»X^ 

+ l -c abc ^ a v IJ x b ^x< J ^- + ^c^r"*-^^* 
- - (c abc x a ^x b ^x-^) (c ef °x<VxMx-W) 

_ I (C^X^^X^^X-W) (C /e c X e(/) x / Wx -(j)^ 
+ 2er x B^F v l , (16) 
where we have decomposed the gauge fields as follows 

A" = A- a , B; = l -C abc A, bc , (17) 

the curvature is given by 

F v a x = d v A\ - d x A% - 2C a hc A b v A\ (18) 

and: 

L> M X a(/) = <9 M X a(/) - 2B«X~ {I) + 2C a fec ^X b(/) . (19) 

We note that the gauge fields A+~ and A+ b do not appear in the Lagrangian, gauge 
transformations and supersymmetry transformations. Therefore, they are not part of the 
theory. Similarly, A^ bc appears only through the combination C^A^c = 25" so A a , B^ 
will be viewed as the fundamental gauge fields in the theory. The Bagger-Lambert Chern- 
Simons term reduces, in our case, to a three dimensional BF term. 

It should be noted that structure constants defined by introducing an overall multiplica- 
tive parameter k 2 , i.e. f +abc = 2K 2 C abc , also solve the fundamental identity. Importantly, 
k 2 can be rescaled away from the Lagrangian by rescaling X a — > X a , X~ — ► X~ /k 2 , X + — ► 
k 2 X + , B a — > k 2 -B^, — > AJJ/k 2 , and similarly for the fermion fields. @ 



J The fact that k 2 can be rescaled away was first noticed in [5U1 131 j - 
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The Lagrangian (jTUj) is invariant under the following gauge transformations 

SB* = d,A c - 2C C ab B;M> - 2C C da A d A a 

SA; = d,A a + 2C a bc A^A b 

SX a(i) = 2A a X~ (I) + 2C a bc A b X c{I) 

SX HI) = -4A c X c(/) 

5X~W = 

5 ya = 2A°$- + 2C a bc A b V c 

6V- = (20) 
where A a = A _a and A a = |C a bc A bc . The supersymmetry transformations are given by 

SX A ^ = teT 1 ^ , A = {-,+, a} 
<J*- = d^X-^V^V 1 e 

= (d„X+W + AB^X^T^e + ic bcd X b ^X c ^X d ^T IJK e 

3 

S^ a = D^X^T^e - ^C a bc X b(I) X< J) X- {K) T IJK e 
SB; = l -C ab c X^eT,T^ b 

SAl = '-X-^-eT^T^ -'-X^eT^T^- . (21) 

A remarkable feature of the Lagrangian (1161) is that the classical equations of motion for 
X+V\ ^+ imply that: 

d^X-W = , F»d^- = . (22) 

Therefore, X~^ and propagate as free fields (even though they participate in interac- 
tions). 

The Lagrangian can also be understood as an ordinary gauge theory (with an invariant 
metric) for an "extended" Lie algebra Q. The Lie algebra Q is generated by S AB , whose 
matrix elements are given by (S AB ) ° d = f ABC n (the fundamental identity (jl]) indeed 
implies that the matrices (S AB ) C D generate a Lie algebra Q). The structure is as follows 
(see appendix for more details). A generic element of Q is determined by an antisymmetric 
matrix CIab = — ^ba and the action of L(Q A b) £ Q on A is given by: 

L(n AB ) ■ t c = n AB [T A , t b , t c ] = n AB f ABC D T D . (23) 

For our 3-algebra A s (I15p. the explicit form of the generators of Q is given by: 

(J a ) B c = -\(S +a ) B c , (P a ) B c = ^S a S B - 5 aB 5- c = -C a de f deB c , (24) 

Z C2 



where we have used C a cd C = c 2 S and c 2 is the quadratic Casimir in the adjoint of g. 

Hence the algebra Q has dimension dim Q = 2n. The generators of Q obey the following 
commutation relations: 

[P a , P b ] = , [J a , J b ] = C ab c J c , [P a , J b ] = C ab c P c . (25) 

The algebra (125j) is recognized as the symmetry algebra of three dimensional BF theories 
[T3] (a review on BF theory can be found in [29]). Q has the structure of a semi-direct sum 
of n abelian generators with a semi-simple Lie algebra g. More precisely, it is the semi-direct 
sum of the translation algebra with g. The B^ and A ^ gauge fields are associated with 
the generators P a and J a respectively. For the case g = su(2), the extended Lie algebra 
Q is the Lie algebra iso(3), where the generators P a are associated with translations while 
the generators J a are associated with a0 (3) = «*(2) rotational The generators in this 
representation are explicitly given in the appendix. 

In the quantum theory, the path integral over X +<yI \ completely freezes the modes 
of X~^\ to their free field values. This is very similar to what happens for pp wave 
string models, or for WZW models based on non semi-simple Lie algebras [15] . Theories 
with similar features based on non semi-simple Lie algebras have been constructed for 
Chern-Simons and Yang-Mills theories [16J. These theories have the remarkable property 
of being one-loop exact. The key mechanism that takes place is the following. Since one of 
the light-cone variables, say X + , does not appear in the interaction vertices and there is no 
X~X~ propagator, there is no Feynman diagram that one can draw beyond one loop. This 
has been used in [15] to show that a certain plane wave model is an exact conformal field 
theory and in [16] to show the remarkable fact that in these types of Yang-Mills theories 
the on-shell scattering amplitudes are finite. 

An important difference with the present theory is that, although there are no internal 
lines in Feynman diagrams involving X ±(7 ) and \l/ ± , there are extra fields that can run 
in the loop diagrams. Another difference arises in the gauge field sector. Because of the 
peculiar form of the Bagger-Lambert Chern-Simons term in (J7j) - where the kinetic term is 
contracted with the structure constants - the field A+ a does not appear in the Lagrangian 
(recall that f +a bc = 0). As a result, since there is no analogue of the equation of motion 
for A+ a , there is no condition that freezes out the mode A~ a as in f)22p . Nevertheless in 
the pure BF sector the theory is unitary. 

Therefore the quantum interactions in the present theory are non-trivial and, as in 
M = 4 SYM, we expect contributions from all loops to a generic observable. It seems 
possible that quantum interactions can be simplified for a suitable gauge fixing, due to the 
special nature of BF theories. 



5 One could choose g = so(2, 1) to obtain a theory (|16p containing the Lagrangian of three dimensional 
gravity [13] coupled to matter in a way that iso(2, 1) gauge invariance is maintained, even though it is not 
invariant under diffeomorphisms. 
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3 Connecting to D2-hran.es 



In this section we show how the theory, if interpreted as a theory of coinciding membranes, 
can be connected to the low energy description of multiple D2 branes. We follow a similar 
strategy as in [18], by giving an expectation value to one of the scalar fields. In the present 
case we propose that 

(X-M) = v , (26) 

and zero for all other fields. In general, the fundamental identity implies that the structure 
constants f aAB c, where a labels an arbitrary 3-algebra generator, satisfy the usual Jacobi 
identity. Therefore f aAB c are the structure constants of a conventional Lie algebra. In the 
present case of our 3-algebra A s ( TToT) and taking a = +, the "reduced" algebra is g X u(l). 

We now expand the Lagrangian (fTBT) around the VEV (l2"6l) and identify #ym = v. As 
in [18], we will neglect terms which are suppressed by powers of 1/#ym compared to the 
leading terms. For the part involving B a ^ we find 

C B = -2g 2 YM B^ a + 2g YM B^D' IM X^ + 2e^ x B^F u a x + ... (27) 

where D'^X^ = d^X^ — 2C a ^A^X^, and the dots represent terms which give sup- 
pressed contributions. We eliminate B^ by its equation of motion: 

" 2g YU " 2g YM " 1 } 

Inserting this back into the Lagrangian, and rescaling A ^ — > we get as leading term 

in (yf Y M the three dimensional SYM Lagrangian 

+ -Tr^D^a + |*V<9^- + ~¥~f^+ 

+ gYu\c ab ^ h T^X c ^ a - (C abc X a ^X b ^) (C ef c X e «X^)) , (29) 

where i,j = 1, 7. We also note that the supersymmetry transformations in ( 12TT) reduce 
to those of three dimensional M = 8 SYM to leading order in ^ym (with T 8 playing the 
role of T 10 ). 

We can dualise the scalar X^ by abelian duality to produce a U(l) gauge field, and 
the £7(1) supermultiplet is completed by X^ % \ Taking q = su(N), the resulting theory 
is the maximally supersymmetric SU(N) x £7(1) Yang-Mills theory plus an additional £7(1) 
supermultiplet of free ghost fields, 

£ gh ost = \f% + \d,X^d»X^ - l*V0„tt° (30) 

where we have dualised X ^ into an abelian vector field A^. In this limit the ghost 
Lagrangian is completely decoupled from the SU(N) x £7(1) Yang-Mills theory and it does 
not affect its unitarity. 
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A similar theory with a decoupled U(l) ghost has been considered by Tseytlin [TB"] . 
The starting point is 577(2) x £7(1) YM theory with a decoupled-ghost U(l) field. By a 
contraction of SU(2) x £7(1) one ends up with YM theory based on the 4- dimensional non 
semi-simple Lie algebra E%. It would be interesting to see if similar limits can be taken at 
the level of the 3-algebra studied here. 

4 Concluding Remarks 

In general, the presence of ghost-like particles renders a theory potentially non-unitary. 
There are some special cases like Chern-Simons theory based on non-compact semi-simple 
algebras where one can show that the theory is nevertheless unitary [H]. Although the 
present theory also has Chern-Simons gauge fields, there are some important differences, in 
particular, there are extra propagating ghost-like degrees of freedom X 0<yI \ \1/ . Clearly, in 
order to settle the unitarity issue, the theory requires a separate and more detailed study. 

An interesting feature is that the X +<yI \ fields can be integrated out exactly, freezing 
out the modes X~^\ ^~ to their free theory values. This property ensures that there are 
modes which may potentially describe the center-of-mass translational mode of multiple M2 
branes. In addition, the fact that interactions only involve X~^\ and not X +<yI \ 
implies that no ghost-like X 0<yI \ \l/ field ever appears in internal lines of Feynman diagrams. 

It would also be interesting to see if the present theory could represent multiple M2 
branes, if not in a fundamental sense, at least as an effective description (e.g. large N, 
where the ghost contributions of 0(1) are negligible compared to N). 

In conclusion, a family of maximally supersymmetric conformal field theories with a 
Lagrangian formulation exist, and with arbitrary Lie algebra structure. Their relevance 
for M-theory remains to be seen. 

Note added: After this paper appeared, two other papers with closely related results 
[30| I3T] appeared in the arXiv. 
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5 Appendix: Induced Lie algebra structure 



In the examples we constructed, the algebra Q is determined by q. In particular, we will 
show that Q is a semidirect sum of q with n abelian generators. The set S AB of generators 
of Q have the following matrix representation which acts on A itself: 



(s AB ) c D = r u 

In our case the S~ A generators vanish. The remaining generators are given by 

1 / — i „\ B „„d / - T ab\C 



cABC 



-c 



aB 



C 



(H ab y 



D 



2C ab D 5 ( l - C abC 5 



D i 



(31) 



(32) 



with C ah± = C a+ ~ = 0. Since q is semisimple, the J a generators are linearly independent. 
One can easily check by direct calculation that the H ab generators are abelian. In principle, 
there are \n{n — 1) such generators (we recall that n is the dimension of g), but each 
matrix H ah has non vanishing entries only in the + row and in the — column (which are 
proportional). As such, at most n of them are linearly independent and, due to the fact 
that q is semisimple, exactly n of them are linearly independent. We can write a basis of 
the space spanned by H ab as: 



25 a D 5 c l - 5 aC 5 



(P a ) d 

A straightforward calculation gives: 

[P a , P b ] = , [J a , J b ] = C ab c .T 
The generic covariant derivative is given by 

D^ A = d^ A + f CDA 

Recalling the definitions 



D ■ 



[p^ j b ] = C ab c P c 



A a — A~ a 



we have 



(33) 



(34) 



(35) 



(36) 



(37) 



d^ a = d,<p A + 2A; {j a ) A B B + 2b; {p a ) A B <p B 

which is the standard covariant derivative, as appeared in section 2. 

As an example, we explicitly write down the generators of Q for the simple case in 
which g = su(2), so that the dimension of A g is N = 5: 



J 1 



/o 











\ 






(o 











o\ 




/o 











0\ 






































































J 2 = 














1 


J 3 = 











-1 

















-1 





























1 
















1 













-1 









\o 











0/ 



(38) 
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and 



/o 





2 





0^ 




f° 








2 


0\ 




/o 











2\ 






















































-1 











P 2 = 

















P 3 = 





































-1 


























































Vo 


-1 








0/ 



(39) 

They assemble to build the algebra of iso(3), where the P 1 , P 2 , P 3 generate translations 
and the J 1 , J 2 , J 3 generate rotations. 
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